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Abstract
A sequencing in a ,nite group G is a list of all elements of G such that the partial products of
the list are all distinct. The existence of a sequencing in the nonabelian group of order pn which
contains an element of order pn−1, where p is an odd prime and n¿ 2, is demonstrated. It
follows that complete latin squares exist for these orders. A su0cient condition for the existence
of a sequencing in the nonabelian group of order pq is also given, where p¡q are odd primes
with q=2h+ 1 for some integer h. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A latin square L=(lij) is called row complete if the n(n−1) ordered pairs lij; li; j+1
are distinct. It is called column complete if the n(n−1) pairs lij; li+1; j are all distinct.
It is called complete if it is both row and column complete. The concept of a complete
latin square was introduced a long time ago motivated by statistical designs. In 1949,
Williams [18] proved the existence of complete latin squares of even order. Though
row complete latin squares of order n do not exist for n=3; 5, and 7 [16] (row)
complete latin squares of some odd orders were found lately. Recently Higham [10]
proved the existence of row complete latin squares of odd composite order. In general,
the determination of the odd integers n for which there is a complete latin square of
order n has been an open question for a long time (see [4, p. 487; 7,12]). The main
result of the present paper is the following:
Theorem. Complete latin squares of order pn exist; where p is an odd prime and
n¿ 2 is an integer.
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In 1961, Gordon [7] introduced the concept of sequenceability of a ,nite group and
established a link between the sequenceability of a group of order n and the existence
of a complete latin square of order n.
Denition 1.1. A group G of order n is called sequenceable, if its elements can be
listed
e= g1; g2; : : : ; gn (1)
such that all partial products
g1; g1g2; g1g2g3; : : : ; g1g2 : : : gn
are distinct. Sequence (1) is called a sequencing of G.
Theorem 1.2 (Gordon [7]). If there is a sequenceable group of order n; then there
exists a complete latin square of order n.
Theorem 1.3 (Gordon [7]). A 4nite abelian group G is sequenceable if and only if G
has a unique element of order 2.
By Theorem 1.3, it is impossible to ,nd a complete latin square of odd order by
sequencing an abelian group. Keedwell [12] proved that the nonabelian group of order
pq, where p¡q are primes with q=2hp + 1 for some integer h, is sequenceable if
p has 2 as a primitive root. This result gave the ,rst in,nite class of complete latin
squares of odd order.
Besides complete latin squares, sequenceability of groups is also related to other
combinatorial designs. Keedwell [13] conjectured that every nonabelian group of order
greater than 8 is sequenceable. In the direction of this conjecture, Isbell [11] and Li
[15] proved that dihedral groups of order greater than 8 are sequenceable. Anderson
and Ihrig [1] proved that every ,nite solvable group with a unique element of order 2,
except the quaternion group, is sequenceable.
Another combinatorial property of groups called R-sequenceability is also related to
designs.
Denition 1.4 (See Friedlander et al. [6]). A group G of order n is called R-
sequenceable, if all nonidentity elements of G can be listed as
a1; a2; : : : ; an−1 (2)
such that
a−11 a2; a
−1
2 a3; : : : ; a
−1
n−1a1
are all distinct. Sequence (2) is called a R-sequencing of G.
This concept was introduced by Paige and Ringel independently and was developed
afterwards in [6]. De,nition 1.4 is motivated by the sequences used by Ringle. An
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equivalent de,nition of this concept that is motivated by the sequences used by Paige
can be found in [5] and [14]. As a variation of R-sequenceability, Beals et al. [2]
introduced the following concept:
Denition 1.5. A group G of order n is called ]-harmonious, if all nonidentity elements
of G can be listed as
a1; a2; : : : ; an−1 (3)
such that
a1a2; a2a3; : : : ; an−1a1
are all nonidentity elements of G. Sequence (3) is called a ]-harmonious sequence
of G.
2. Preliminaries
If  is any sequence
g1; g2; : : : ; gk
of elements of a group G, we use P() to denote the sequence of partial products
g1; g1g2; g1g2g3; : : : ; g1g2 : : : gk :
If H is a normal subgroup of order m in G, a sequence  of elements in G=H is
called a quotient sequence of G with respect to H , if each element of G=H occurs m
times in both  and P(). Notice that if  is a sequencing of G, then its image under
the natural homomorphism G → G=H must be a quotient sequence of G with respect to
H . Therefore the existence of a quotient sequence with respect to every proper normal
subgroup H is a necessary condition for the sequenceability of G.
Lemma 2.1. Suppose G is a group of order n and H is a normal subgroup of index
p in G. Then G has a quotient sequence with respect to H .
Proof. If p=2; G=H =Z2 is a cyclic group of order 2. Let k = n=4 if n=2 is even
and k =(n+ 2)=4 if n=2 is odd. Then the following is a quotient sequence of G with
respect to H : 0; 0; : : : ; 0 (k 0’s), 1; 0; : : : ; 0 (k 0’s if n=2 is even; k−1 0’s if n=2 is odd),
1; 1; : : : ; 1 (n=2− 1 1’s).
Now we assume p is an odd prime. By Cohen and Mullen [3], for any prime
p¿ 3, there exist two primitive roots 1 and 2 of p such that 1 + 2 = 1. If we
write =1=1, then 1=2 = 1=(1− 1)= =(− 1). Therefore, both  and =(− 1) are
primitive roots of p. For p=3, we can take =2.
Notice that G=H =Zp is a cyclic group of order p. Write m= n=p. We construct a
quotient sequence of G as follows:
m− 1 0’s : 0; 0; : : : ; 0;
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followed by 1 and then m− 2 copies of (p− 1)-tuples:
p−2 − 1; p−3 − p−2; : : : ; 2 − 3;  − 2; 1− ;
then ending with the following 2(p− 1) elements:
p−2 − 1; p−3 − p−2; : : : ; 2 − 3;  − 2; 0; 
2
 − 1 − ;
3
( − 1)2 −
2
( − 1) ;
4
( − 1)3 −
3
( − 1)2 ; : : : ;
p−2
( − 1)p−3 −
p−3
( − 1)p−4 ;
( − 1)− 
p−2
( − 1)p−3 ; 1− :
Notice that both  and =(− 1) are primitive roots of p and p=(− 1)p−1 − p−1=
( − 1)p−2 = 1. The sequence of partial products of the above sequence is
m− 1 0’s 0; 0; : : : ; 0
followed by 1 and then m− 2 copies of (p− 1)-tuples:
p−2; p−3; : : : ; 2; ; 1
then ending with the following 2(p− 1) elements:
p−2; p−3; : : : ; 2; ; ;
2
 − 1 ;
3
( − 1)2 ;
4
( − 1)3 ; : : : ;
p−2
( − 1)p−3 ;  − 1; 0:
Notice that the above quotient sequence is a generalization of the quotient sequence
in [12]. We now consider a semidirect product G of Zm by Zp. Clearly G has a cyclic
normal subgroup Zm of index p and therefore Lemma 2.1 applies. G can be de,ned
as [8, Proposition 2:3:4]
G= {(u; v): u∈Zp; v∈Zm}
with multiplication
(u; v)(x; y)= (u+ x; vrx + y);
where rp ≡ 1modm.
We now want to construct a sequencing of G such that its image under the natural
homomorphism G → G=Zm is the quotient sequence in Lemma 2.1. Therefore, we may
assume the sequencing that we are looking for is of the form
(0; 0); (0; a2); (0; a3 − a2); : : : ; (0; am−1 − am−2); (1; b11 − am−1r);
(p−2 − 1; bp−1;1 − b11rp−2−1); (p−3 − p−2; bp−2;1 − bp−1;1rp−3−p−2 ); : : : ;
( − 2; b21 − b31r−2 ); (1− ; b12 − b21r1−)
(p−2 − 1; bp−1;2 − b12rp−2−1); (p−3 − p−2; bp−2;2 − bp−1;2rp−3−p−2 ); : : : ;
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( − 2; b22 − b32r−2 ); (1− ; b13 − b22r1−)
...
(p−2 − 1; bp−1;m−2 − b1;m−2rp−2−1);
(p−3 − p−2; bp−2;m−2 − bp−1;m−2rp−3−p−2 ); : : : ;
( − 2; b2;m−2 − b3;m−2r−2 ); (1− ; b1;m−1 − b2;m−2r1−)
(p−2 − 1; bp−1;m−1 − b1;m−1rp−2−1);
(p−3 − p−2; bp−2;m−1 − bp−1;m−1rp−3−p−2 ); : : : ;
( − 2; b2;m−1 − b3;m−1r−2 ); (0;−b2;m−1)(
2
 − 1 − ; 0
)
;
(
3
( − 1)2 −
2
 − 1 ; 0
)
; : : : ;
(
p−2
( − 1)p−3 −
p−3
( − 1)p−4 ; 0
)
;
(
( − 1)− 
p−2
( − 1)p−3 ; 0
)
; (1− ; am):
Here we use ai and bij to denote undetermined elements in Zm. The sequence of
partial products of the above sequence is
(0; 0); (0; a2); (0; a3); : : : ; (0; am−1); (1; b11);
(p−2; bp−1;1); (p−3; bp−2;1); : : : ; (; b21); (1; b12);
(p−2; bp−1;2); (p−3; bp−2;2); : : : ; (; b22); (1; b13);
...
(p−2; bp−1;m−2); (p−3; bp−2;m−2); : : : ; (; b2;m−2); (1; b1;m−1);
(p−2; bp−1;m−1); (p−3; bp−2;m−1); : : : ; (; b2;m−1); (; 0);(
2
 − 1 ; 0
)
;
(
3
( − 1)2 ; 0
)
; : : : ;
(
p−2
( − 1)p−3 ; 0
)
; (( − 1); 0) ; (0; am):
Now we must assign suitable values for all ai and bi; j. Notice that
2
 − 1 − ;
3
( − 1)2 −
2
 − 1 ; : : : ;
p−2
( − 1)p−3 −
p−3
( − 1)p−4 ;
( − 1)− 
p−2
( − 1)p−3 ; 1
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are all distinct and nonzero, so we have the ,rst condition
(0) b11 − am−1r=0:
The sequences above constitute a sequencing and its partial product sequence, re-
spectively, if and only if both sequences contain each element of G and therefore if
and only if the following conditions can be met:
(0) b11 − am−1r=0;
(1) a2; a3; : : : ; am are distinct and nonzero;
(2) b11; b12; : : : ; b1;m−1 are distinct and nonzero;
(3) b21; b22; : : : ; b2;m−1 are distinct and nonzero;
...
(p) bp−1;1; bp−1;2; : : : ; bp−1;m−1 are distinct and nonzero;
(1)∗ a2; a3 − a2; : : : ; am−1 − am−2;−b2;m−1 are distinct and nonzero;
(2)∗ b12 − b21r1−; b13 − b22r1−; : : : ; b1;m−1 − b2;m−2r1−; am are distinct and
nonzero;
(3)∗ b21 − b31r−2 ; b22 − b32r−2 ; : : : ; b2;m−2 − b3;m−2r−2 ;
b2;m−1 − b3;m−1r−2 are distinct and nonzero;
(4)∗ b31 − b41r2−3 ; b32 − b42r2−3 ; : : : ; b3;m−2 − b4;m−2r2−3 ;
b3;m−1 − b4;m−1r2−3 ; are distinct and nonzero;
...
(p-1)∗bp−2;1 − bp−1;1rp−3−p−2 ; bp−2;2 − bp−1;2rp−3−p−2 ; : : : ;
bp−2;m−2 − bp−1;m−2rp−3−p−2 ; bp−2;m−1 − bp−1;m−1rp−3−p−2
are distinct and nonzero;
(p)∗ bp−1;1 − b11rp−2−1; bp−1;2 − b12rp−2−1; : : : ; bp−1;m−2 − b1;m−2rp−2−1;
bp−1;m−1 − b1;m−1rp−2−1 are distinct and nonzero:
Our aim is to establish the existence of complete latin squares of odd order by using
Theorem 1.2. Therefore, we are only interested in the case that both p and m are odd.
Hence by Theorem 1.3, the above conditions cannot be met if r=1. In the following
sections, we consider two special semidirect products of Zm by Zp, one with m=pn,
and the other with m= q=2hp+ 1 a prime.
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3. Nonabelian groups of order pn
For each n¿ 1, there is one and only one nonabelian group G of order pn+2 having
an element of order pn+1, where p is an odd prime, and this group can be de,ned by
[9, p. 187]:
G= {(u; v): u∈Zp; v∈Zpn+1}
with multiplication
(u; v)(x; y)= (u+ x; vrx + y);
where r=pn + 1.
Lemma 3.1. If Zpn+1 has an R-sequencing such that r − r1− and r − r1− − 1 are
adjacent and if Zpn+1 has a ]-harmonious sequence such that −r and r1− are adjacent;
where r=pn+1 and  is a primitive root of p such that =(−1) is also a primitive
root of p; then G is sequenceable.
Proof. Let
1; 2; : : : ; m−1
be an R-sequencing in Zm such that
1 = r − r1− and m−1 = r − r1− − 1:
We assign ai = i − 1 for i=2; 3; : : : ; m− 1; and am=− 1.
Let
!1; !2; : : : ; !m−1
be a ]-harmonious sequence such that
!1 =− r and !m−1 = r1−:
We assign b1i = !i for i=1; 2; : : : ; m−1. We assign b2i to be the solution of the equation
b1i =− b2ir1−, for i=1; 2; : : : ; m− 1. Since r1− is invertible, b2i is well de,ned.
For 16 k6 (p−1)=2, we assign b2k; i = b2; i and b(2k+1); i =−b2; i for i=1; 2; : : : ; m−1.
Now we have de,ned all ai and bi; j. We show that all conditions can be met.
First, b11 − am−1r=− r − (m−1 − 1)r=− r + r=0 and thus condition (0) holds.
It is evident that (1)–(p) hold.
Notice that −b2;m−1r1− = b1;m−1 = r1−: Thus, b2;m−1 = − 1 and −b2;m−1 = 1=
1 − m−1: Since 2 − 1; 3 − 2; : : : ; m−1 − m−2; 1 − m−1 are all distinct and non-
zero, (1)∗ holds.
Note that b1; i+1− b2; ir1− = b1; i+1 + b1; i = !i+1 + !i, for i=1; 2; : : : ; m− 2. Note also
that am=− 1 =− r + r1− = !1 + !m−1: Since !2 + !1; : : : ; !m−1 + !m−2; !1 + !m−1 are
all distinct and nonzero, (2)∗ holds.
196 C. Wang /Discrete Mathematics 252 (2002) 189–201
Now we see conditions (3)∗–(p)∗. The following equalities are true:
b2i − b3ir−2 = b2i + b2ir−2 = b2i(1 + r−2 );
b3i − b4ir2−3 = b3i + b3ir2−3 =− b2i(1 + r2−3 );
...
bp−2; i − bp−1; irp−3−p−2 = bp−2; i + bp−2; irp−3−p−2 =− b2i(1 + rp−3−p−2 );
bp−1; i − b1irp−2−1 = b2i + b2irp−2− = b2i(1 + rp−2−):
Notice that 1+rk is invertible for k = −2; : : : ; p−3−p−2; p−2−. We conclude
that (3)∗–(p)∗ hold.
We now show that suitable R-sequencings and ]-harmonious sequences as required
in Lemma 3.1 always exist in Zpn+1 . It was proved in [6] that all cyclic groups of odd
order are R-sequenceable. The R-sequencing 1; 2; : : : ; m−1 of Zm given in [6] can be
expressed by the following:
i =
{
(i + 1)=2; i odd; i6 k;
k + 1− i=2; i even; i6 k;
where k =(m− 1)=2.
If k is odd
k+i =
{
(3k − i + 2)=2; i odd; i6 k;
(3k + i + 1)=2; i even; i6 k:
If k is even
k+i =
{
(3k + i + 1)=2; i odd; i6 k;
(3k − i + 2)=2; i even; i6 k:
We write "i = i − i−1 for i=2; : : : ; m − 1 and "1 = 1 − m−1. Then by the above
formulas for ’s, we have
"i =
{
k + i; i odd; i6 k;
k + 1− i; i even; i6 k;
"k+1 = k:
If k is odd
"k+i =
{
m− i + 1; i odd; 36 i6 k;
i − 1; i even; i6 k:
If k is even
"k+i =
{
i − 1; i odd; 36 i6 k;
m− i + 1; i even; i6 k:
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Our strategy is to use an appropriate unit of Zm to multiply the R-sequencing
1; : : : ; m−1 and obtain an R-sequencing required in Lemma 3.1.
For p=3, since r=(3n + 1) and =2 is a primitive root of 3 with =(− 1) also
a primitive root, so we are looking for an R-sequencing such that r − r−1 = 2 · 3n and
2 · 3n − 1 are adjacent.
Lemma 3.2. For p=3; there is an R-sequencing of Zpn+1 such that 2 ·3n and 2 ·3n−1
are adjacent.
Proof. Let i=3n+1−3n−k. Then i and k have the same parity. We have k+i =(3k−
i+2)=2=2 · 3n. We use the invertible element 2(3n− 1) to multiply the R-sequencing
1; : : : ; m−1. The (k+ i)th term of the new R-sequencing is 2(3n−1)k+i =2(3n−1)2 ·
3n=2·3n. Note that "k+i+1 = i. We have 2(3n−1)"k+i+1 =2(3n−1)(3n+1−3n−k)=−1.
Hence 2(3n − 1)k+i+1 =2(3n − 1)k+i + 2(3n − 1)"k+i+1 =2 · 3n − 1. Now in our new
R-sequencing 2(3n − 1)k+i =2 · 3n and 2(3n − 1)k+i+1 =2 · 3n − 1 are adjacent.
By Lemma 3.2, for the following three lemmas we may assume p¿ 3.
Lemma 3.3. For any 4xed j with 16 j6 (p−1)=2; there is an R-sequencing of Zpn+1
such that jpn and jpn − 1 are adjacent.
Proof. We write k =(pn+1− 1)=2. Let i= k +1− jpn. If k is even, then i and j have
opposite parity. If k is odd, then i and j have the same parity. If j is even, k+i =
(3k + i+ 1)=2= kjpn=(k − jpn)jpn=(i− 1)jpn and "k+i = i− 1. If j is odd, k+i =
(3k − i + 2)=2= − kjpn= − (i − 1)jpn and "k+i = − (i − 1). Thus, we always have
k+i = "k+ijpn. It is easy to see that "k+i is invertible. Hence "−1k+i1; "
−1
k+i2; : : : ; "
−1
k+im−1
is an R-sequencing and "−1k+ik+i = jp
n and "−1k+ik+i−1 = "
−1
k+iK+i − "−1k+i"k+i = jpn − 1
are adjacent.
Lemma 3.4. For (p + 1)=26 j6p − 1; there is an R-sequencing in Zpn+1 such that
jpn and jpn − 1 are adjacent.
Proof. We have 16p − j6 (p − 1)=2. By the proof of Lemma 3.3, k+i = "k+i
(p− j)pn, where k =(pn+1 − 1)=2 and i= k + 1− (p− j)pn.
Notice 2i=1 + 2jpn. Thus, 2ijpn= jpn. If j is even, then i and k have the same
parity, so k+i =(pn+1 − i + 1)(p− j)pn= ijpn − jpn=− ijpn= i(p− j)pn= "k+i+1
(p − j)pn. If j is odd, then i and k have opposite parity, so k+i =(i − 1)(p −
j)pn=−ijpn+jpn= ijpn=(pn+1−i)(p−j)pn= "k+i+1(p−j)pn. Therefore we always
have k+i = "k+i+1(p− j)pn. Note that "k+i+1 is invertible. We use −"−1k+i+1 to multi-
ply the R-sequencing 1; 2; : : : ; m−1 and in the obtained R-sequencing −"−1k+i+1k+i =
− (p− j)pn= jpn and −"−1k+i+1k+i+1 =− "−1k+i+1("k+i+1 + k+i)= jpn− 1 are adjacent.
Lemma 3.5. Let r=pn + 1. For any primitive root  of p; there is an R-sequencing
of Zpn+1 such that r − r1− and r − r1− − 1 are adjacent.
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Proof. We observe that r = r1−. If r=1 + r1− then pn= r1− which is impossible.
Hence both r − r1− and r − r1− − 1 are nonzero. We have r − r1− =(pn + 1) −
(pn + 1)p−+1 = − (p − )pn= pn. Thus we are looking for an R-sequencing such
that pn and pn − 1 are adjacent. By Lemmas 3.3 and 3.4, such an R-sequencing
exists.
Lemma 3.6. Let r=pn +1. There is a ]-harmonious sequence of Zpn+1 such that −r
and r1− are adjacent; where  is any primitive root of p.
Proof. Note that −r = r1−, because r = − 1. The ]-harmonious sequence !1; !2; : : : ;
!m−1 of Zm given in [2] can be expressed as
!i =2k + 2i for i=1; 2; : : : ; k;
!k+i =2i for i=1; 2; : : : ; k;
!2k+i =2k − 2i + 1 for i=1; 2; : : : ; k;
!3k+i =4k − 2i + 1 for i=1; 2; : : : ; k
if m− 1=4k, and as
!i =2k + 2i for i=1; 2; : : : ; k + 1;
!k+1+i =2i for i=1; 2; : : : ; k;
!2k+1+i =2k − 2i + 3 for i=1; 2; : : : ; k + 1;
!3k+2+i =4k − 2i + 3 for i=1; 2; : : : ; k
if m− 1=4k + 2.
We observe that if !j =− 1;−2; 2k − 1; 2k; when m− 1=4k and if !j =− 1;−2; 2k;
2k + 1; when m− 1=4k + 2, then either !j+1 − !j =2 or !j−1 − !j =2. Let c=(2−
)pn=2 + 1. It is easy to see that c is invertible. Therefore c!1; c!2; : : : ; c!m−1 is also
a ]-harmonious sequence of Zm. Therefore, there is some j such that c!j =− pn − 1.
We can verify case by case that !j = − 1;−2; 2k − 1; 2k; when m − 1=4k and !j =
− 1;−2; 2k; 2k +1; when m− 1=4k +2. If !j+1− !j =2, then c!j+1 =2c+ c!j =(p−
 + 1)pn + 1. If !j−1 − !j =2, then c!j−1 = 2c + c!j =(p −  + 1)pn + 1. Hence in
either case, −r=− pn − 1 and (p−  + 1)pn + 1= r1− are adjacent.
Illustrative examples of Lemmas 3.1–3.6 can be found in [17]. By Lemmas 3.1–3.6
and from the result (implied by a result in [3]) within the the proof of Lemma 2.1
that, for every prime p there is a primitive root  of p such that =( − 1) is also a
primitive root of p, we have the following:
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Theorem 3.7. The nonabelian group G of order pn+2 which has an element of order
pn+1 is sequenceable; where p is an odd prime and n is a positive integer.
By Theorem 1.2, we have
Corollary 3.8. For every odd prime p and n¿ 2; there is a complete latin square of
order pn.
4. Nonabelian groups of order pq
For every odd prime p and every prime q=2kp + 1 there is one and only one
nonabelian group G of order pq and G can be de,ned as [9, p. 51]:
G= {(u; v): u∈Zp; v∈Zq}
with multiplication
(u; v)(x; y)= (u+ x; vrx + y);
where rp ≡ 1mod q; r ≡= 1mod q.
Keedwell [12] proved that the nonabelian group of order pq, where p¡q are odd
primes with q=2hp + 1 for some h, is sequenceable if p has 2 as a primitive root.
In this section, we give a su0cient condition for the existence of a sequencing in the
nonabelian group of order pq, which may apply to some cases in which p does not
have 2 as a primitive root (see examples in [17]).
Parallel to Lemma 3.1 we can state the following.
Lemma 4.1. If there is an R-sequencing in Zq such that r − r1− and r − r1− − 1
are adjacent; for some r with rp ≡ 1mod q and r =1mod q; where  is a primitive
root of p such that =( − 1) is also a primitive root; then the nonabelian group G
of order pq is sequenceable.
Proof. Let 1; 2; : : : ; q−1 be an R-sequencing of Zq such that 1 = r − r1− and
q−1 = r − r1− − 1. Assume  is a primitive root of q. We assign ai = i − 1
for i=2; : : : ; q− 1 and aq=− 1: We assign bki =− i for k¿ 2 and i=1; 2; : : : ; q− 1.
We assign b1; i+1 = b2; ir for i=1; 2; : : : q − 2 and b11 = b2; q−1r. Now we have as-
sign ed all ai’s and bij’s. We show all conditions (0)–(p) and (1)∗–(p)∗ are
satis,ed.
We can verify condition (0) by the de,nitions of b11 and aq−1. Conditions (1)–
(p) are obvious. Condition (1)∗ holds because 1; 2; : : : ; q−1 is an R-sequencing and
−b2; q−1 = 1−q−1 = 1. For condition (2)∗, we see b1; i+1−b2ir1− = b2ir(1−r−) and
aq= b2; q−1r(1− r−). For condition (3)∗, we see that b2i − b3ir−2 = b2i(1− r−2 ).
Conditions (4)∗–(p-1)∗ are similar to (3)∗. For condition (p)∗, we see that bp−1; i −
b1; ir
p−2−1 = i−1(−+rp−2 ). As i ranges from 1 to q−1, these values are all distinct
and nonzero in Zq.
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Lemma 4.1 works for many individual values of p and q. However here the author
is not able to show the required R-sequencing in Zq always exists. The di0culty is
that he does not know how to express r in terms of q. From Lemma 4.1, we have
Corollary 4.2. If there is r such that rp ≡ 1mod q and (r − r1−)=(r − r1− − 1) is
a primitive root of q; where  is a primitive root of p such that =( − 1) is also a
primitive root of p; then the nonabelian group of order pq is sequenceable.
Proof. If (r − r1−)=(r − r1− − 1)= ′ is a primitive root of q, then we have an
R-sequencing of Zq
′; ′2; ′3; : : : ; 1:
We use r − r1− − 1 times this R-sequencing, then we obtain an R-sequencing of Zq
such that r − r1− and r − r1− − 1 are adjacent.
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